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Control of Hypersonic Turbulent Skin Friction
by Boundary-Layer Combustion of Hydrogen

R.J. Stalker*
University of Queensland, Brisbane, Queensland 4072, Australia

Shvab-Zeldovich coupling of flow variables has been used to extend Van Driest’s theory of turbulent boundary-
layer skin friction to include injection and combustion of hydrogen in the boundary layer. The resulting theory
is used to make predictions of skin friction and heat transfer that are found to be consistent with experimental
and numerical results. Using the theory to extrapolate to larger downstream distances at the same experimental
conditions, it is found that the reduction in skin-friction drag with hydrogen mixing and combustion is three times
that with mixing alone. In application to flow on a flat plate at mainstream velocities of 2, 4, and 6 km/s, and
Reynolds numbers from 3 x 10° to 1 x 108, injection and combustion of hydrogen yielded values of skin-friction
drag that were less than one-half of the no-injection skin-friction drag, together with a net reduction in heat transfer
when the combustion heat release in air was less than the stagnation enthalpy. The mass efficiency of hydrogen
injection, as measured by effective specific impulse values, was approximately 2000 s.

Nomenclature

A = KU/v*
Cpa = constant pressure specific heat of air, (J/kg)K
Cyi = constant pressure specific heat of species i, (J/kg)K
Chps = mixture specific heat,

=Y ciCy, Ulkg)K
cy = skin-friction coefficient, 27 /(0. U?)
ch = Stanton number, g,,/{p. U (H, — Cp,T,)}
ci = mass fraction of species i
F, = no-injection skin-friction drag
F, = reduction in skin friction with injection

f = relative stoichiometric mass fraction

of hydrogen, =0.125

heat released by combustion of hydrogen
in air, =3.45 MJ kg™

u/U at flame front

gravitational acceleration, m/s?

stagnation enthalpy, Cp,sT + u*/2, MJ kg™!
static enthalpy, MJ kg~!
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= von Kédrmén constant, 0.41

molecular thermal conductivity, W-m- K
= mass flow of hydrogen added to the boundary
layer, kg s~! m™!

Prandt] number, (uCps/ k).

total heat transfer, W

total heat transfer with no injection, W
heat transfer to wall, W/m?

mixture dependent gas constant
Reynolds number, p,Ux /i,

temperature, K

T,(1+0.5U%/h,)

= mainstream velocity, km/s

SR
I

2
I

X

o
»
I

£

QNN
Il

Received 3 March 2004; revision received 6 July 2004; accepted for pub-
lication 6 August 2004. Copyright © 2004 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0022-4650/05 $10.00 in
correspondence with the CCC.

*Emeritus Professor, Mechanical Engineering, School of Engineering,
Faculty of Engineering, Physical Sciences and Architecture. Fellow AIAA.

577

= velocity in x direction

hydrogen injection velocity, km/s
distance along surface, m

distance normal to surface
Shvab—Zeldovich coupling parameter
u/U

heat of combustion of hydrogen, 120 MJ kg
boundary-layer thickness

combined molecular and eddy viscosities
momentum thickness

molecular viscosity

kinematic viscosity, iy, /0w

density

shear stress

velocity in y direction

v* friction velocity, /(ty/Pw)
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w; = time rate of change of species (i)
Subscripts
aw = adiabatic wall
e = mainstream
H = hydrogen
l = water
n = no hydrogen injection
o = oxygen
w, W = surface
Introduction

HE development of slender hypervelocity vehicles can offer

the possibility of economical transportation to and from low
Earth orbit. The size and operating altitudes of these vehicles are
likely to be such that predominantly turbulent boundary layers can
be expected on their flow surfaces, leading to substantial reductions
in their performance caused by skin friction drag.

An example of this performance reduction is seen in Fig. 39 of
Ref. 1, where it is shown that, in calculating the performance of a
single-stage-to-orbit vehicle, the drag was increased by 13% and
the payload halved if fully turbulent boundary layers were assumed
rather than laminar ones.

Figure 1 displays a further example, by showing the effect of tur-
bulent skin friction on the lift-to-drag ratio of a 20-m-long waverider
caret delta wing with the windward surface at an incidence of 5 deg
and the upper surface at zero incidence. The wing dihedral is var-
ied to maintain on-design flow as the Mach number changes, and
the trailing-edge Reynolds number on the windward surface is
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Fig. 1 Aerodynamic performance and skin-friction drag.

maintained at 108. Large reductions in the lift-to-drag ratio are
caused by turbulent skin friction, an effect that would be manifested,
for example, in a reduced reentry footprint for such vehicles.

Clearly, turbulent skin friction has an important effect on vehicle
performance, and it is worthwhile considering means of control-
ling turbulent skin-friction levels. One such means is the injection
and combustion of hydrogen in the boundary layer. Shock-tunnel
experiments’ have indicated that large reductions in skin friction
can be obtained by this method. The purpose of this paper is to re-
port an analysis that is consistent with these results and allows ready
prediction of potential skin-friction reduction at other conditions.

A number of analyses exist>~’ of skin friction in compressible
turbulent boundary layers. All of these analyses are semi-empirical
in nature and involve somewhat arbitrary assumptions. The analysis
by Van Driest>* has proven popular among experimentalists, partic-
ularly in the form of Van Driest IL,* and the assumptions on which
it is based can readily be extended to take account of combustion
in the boundary layer. Therefore it will be used as the basis of the
present analysis.

The effect of turbulent boundary-layer combustion on skin fric-
tion has received attention in the past at low subsonic air speeds.
Kulgein® found that, with boundary-layer combustion of methane
injected through a porous wall, no reaction-induced effect on skin
friction was observed. Porous wall experiments, with hydrogen fuel
diluted by nitrogen, were also done by Wooldridge and Muzzy.? Rel-
atively low hydrogen mass fractions were used in these experiments,
but they yielded the encouraging result that measured boundary-
layer profiles indicated turbulent Prandtl and Schmidt numbers (and
hence, Lewis number), which could be taken as unity. This is a com-
monly used assumption in turbulent boundary-layer analysis and is
employed in the following analysis. Jones et al.'? conducted a sim-
ilar study, with particular attention to velocity profiles, and pointed
to a large reduction in skin friction obtained with combustion in
constant pressure flows. A recent numerical study!' showed that
heating within a turbulent boundary layer at a Mach number of
three could produce large skin-friction reductions, but the study did
not consider a combustion model. Thus, although there is a history
of research on combustion in turbulent boundary layers, a quanti-
tative appreciation of the effect of hydrogen combustion in super-
sonic and hypersonic turbulent boundary layers is not yet available.
There exists a substantial literature on foreign gas injection into tur-
bulent boundary layers, involving both injection through a porous
surface and slot injection. The latter is of particular interest here,
and a useful introduction to the subject is given by Hefner and
Bushnell."?

After a brief review of Van Driest’s theory, the paper discusses
the combustion model and then proceeds to develop an analysis
that yields formulas for skin friction, heat transfer, and mass flow
of injected hydrogen with and without combustion. The features of
the hydrogen-injected boundary-layer flow at a representative main-
stream stagnation enthalpy are then explored, before the predicted
results are compared with the results of previous experiments and
numerical analysis. Finally, the analysis is used to predict the ef-
fect of injected-hydrogen mass flow on the skin-friction drag and

net heat transfer on a flat plate at a range of mainstream velocities
before concluding.

Van Driest

As the mainstream Mach number is increased, boundary-layer
temperatures also increase. This causes different effects in lami-
nar and turbulent boundary layers. In the laminar boundary layer
the resulting reduction in density tends to increase the width, nor-
mal to the surface, of the boundary-layer streamtubes, tending to
reduce the shear stress. However, this tendency is partially offset
by the temperature-induced increase in viscosity, leading only to
modest reductions in skin friction. In the turbulent case the shear
stress is mainly caused by the Reynolds stresses, which are di-
rectly dependent on density, and therefore the turbulent viscosity
tends to be reduced, rather than increased, by increases in tem-
perature, leading to larger reductions in skin friction than in the
laminar case.

Van Driest’s analysis® seeks to adequately represent the effect on
skin friction of temperature-induced density changes in the turbulent
boundary layer. It applies to constant pressure flow of a perfect gas
with a uniform surface temperature. Because the pressure is constant
across the boundary layer, the density is inversely proportional to
the temperature, which, assuming P, = 1, can be obtained from the
linear variation of stagnation enthalpy with velocity expressed in
the Crocco relation. This results in the relation

pu/p =1+bz —a’z (Y]

where a> =U?/2H,, and b= (H, — H,)/H,,.
For Van Driest IL,* the shear stress is given by Prandtls mixing
length equation, with the von Kdrmdn mixing length, that is,

) du ¢ du ? 2)
= \e) [ \ae (

It is then assumed that the shear stress T is constant at its surface
value t,,, and using Eq. (1), Eq. (2) is integrated to yield a relation
for dy/du. This relation and Eq. (1) are used, together with the
definition of 0, that is,

=1
0 =/ <ﬁ>(1 — 2)zdy 3)
o Pe

to obtain an integral expression for . This is integrated into a se-
ries form through successive integration by parts. Then, taking the
leading terms of the series, employing the further relation

2d6 @
Cr= —~
AT
and noting that ¢y < 1, an expression for ¢ is obtained. Constants
in the expression are adjusted to match the incompressible Karman—

Schoenherr skin-friction formula, yielding

4.15 logl()(chCf/'Lc/,Uvs) + 1.7= Fo[Cf(Taw - Te)/Te]_% (5)
where

F, = sin"'[(2a*> — b)/ Q] +sin"' (b/ ), 0 = (b +4a®)?
Van Driest’s theory has been successful in predicting skin friction
with widely varying boundary-layer density distributions. Thus, it
predicts the variation of skin friction in passing from low supersonic
to hypersonic flows on adiabatic flat plates,'* on cooled flat plates,'*
and on room-temperature flat plates in shock tunnels at Mach num-
bers up to 13 with stagnation enthalpies up to 2 MJ/kg (Ref. 15), and
at Mach numbers near 6 with stagnation enthalpies up to 13 MJ/kg
(Ref. 16). By use of the Reynolds analogy, it also predicts the heat
transfer to a 5-deg half-angle cone in free flight at a Mach number
of 20 (Ref. 17). In view of this success, it seems not unreasonable
to expect that the effect on skin friction of boundary-layer density
changes associated with hydrogen injection and combustion might
also be amenable to an analysis which follows that leading to Eq. (5).
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Flow Model

It is assumed that the combustion reaction between hydrogen and
oxygen can be represented as

2H, + O, — 2H,0 4+ 2AQ (6)

so that there is no dissociation of water formed, and the reaction
occurs spontaneously when the two reactant gases come in con-
tact, regardless of the temperature. Thus, hydrogen and oxygen in
the molecular form cannot coexist at any point within the boundary
layer. It is well known that the reaction is much more complicated in
reality and that the time taken for the reaction to proceed to comple-
tion increases so dramatically with reductions in temperature that
approximately 800 K can be taken as an ignition temperature. How-
ever, except at very low hypersonic Mach numbers, temperatures
exceeding 800 K can be expected to occur over a substantial part of
a hypersonic boundary layer, and, once combustion begins some-
where in the boundary layer, conduction of the heat released will
raise the temperature in other parts of the boundary layer. Thus,
although the model might tend to somewhat overestimate the heat
release within the boundary layer, and therefore overestimate the ef-
fects of combustion, it can be expected to provide an upper limit and
a first approximation for those effects. Moreover, it is recommended
by its simplicity.

Boundary-layer flow with hydrogen injection and combination
is represented in Fig. 2. The two-dimensional boundary layer is
formed on a flat plate in the absence of pressure gradients. As shown
in Fig. 2a, hydrogen is injected, parallel to the surface, from a slot,
and the boundary layer passes through a number of regions in its
downstream development. In region (i), a process of flow adjustment
takes place to yield a constant pressure across the boundary layer.
In region (ii), a layer of hydrogen exists close to the surface and is
separated from the mainstream by a layer where hydrogen and air
mix. Thus, for regions (i) and (ii), cyw = 1. If sufficient hydrogen is
injected, this region can extend over a large downstream distance.
However, the present analysis does not consider this case and is
therefore restricted to hydrogen mass flows such that region (ii) does
not exist or is of very short extent. Therefore it might be neglected
for a flow model. In region (iii) 1 > cyw > 0, and the boundary layer
enters a process of long-term growth, with the local hydrogen mass
fraction reducing with downstream distance as the hydrogen present
is mixed with the additional air entrained in the boundary layer and
as hydrogen is converted to water by combustion. In region (iv),
where cyw =0, all of the hydrogen is burned, and it is present only
as water.

The flow in regions (iii) and (iv) of Fig. 2a is represented by
the simplified model shown in Fig. 2b. It is assumed that region
(iii) begins immediately at the leading edge. Thus hydrogen is
present in the gas mixture at the surface and sets up a diffusion
gradient through the boundary layer toward a flame front. Hydro-
gen is injected continuously along the surface, to compensate for
the diffusion of hydrogen away from the surface, and maintains
a constant value of the hydrogen surface mass fraction. This im-
plies that the boundary conditions of Fig. 2a differ from those of
Fig. 2b, but, as outlined next, the two can be related piecewise by
using local similarity. At any station along the plate, no oxygen
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b) <L Tw, CHw = constant

Fig. 2 Flow model.

is present on the surface side of the flame front because it has all
been removed by combustion at the flame front upstream of the
station, and hydrogen diffuses from the surface to the flame front,
where it undergoes combustion. On the mainstream side of the flame
front, no hydrogen is present because all of the hydrogen reaching
the flame front is consumed there, and oxygen diffuses from the
mainstream to the flame front. In region (iv), the hydrogen con-
centration at the surface falls to zero, and the presence of water
is associated with a nonzero concentration of oxygen. The flame
front disappears, and water diffuses from the surface towards the
mainstream.

The model of Fig. 2b, with species mass fractions constant along
the surface, is used to obtain the boundary-layer profiles, which are
then applied to the flow of Fig. 2a. As already noted, the species mass
fractions of Fig. 2a are not constant along the surface, but, as will
be seen next, the variation with downstream distance is sufficiently
small that the local similarity approximation'® can be applied. This
approximation allows the local flow solutions to be obtained from
the local flow properties, independent of the upstream variation of
flow conditions. Thus, as the flow in regions (iii) and (iv) of Fig. 2a
develops in the downstream direction, it passes through a series of
flow solutions, each one corresponding to a solution of the flow
of Fig. 2b. For each of these solutions, the boundary conditions
are invariant along the surface, and the analysis of Van Driest can
therefore be extended to include hydrogen injection and combustion,
as described in the following analysis.

The analysis presented considers only region (iii), where the hy-
drogen mass fraction at the surface lies between unity and zero. In
region (iv), where hydrogen is present only as water, the analysis
shows that the expected skin-friction reduction is too small to be of
interest here.

Analysis
Boundary-Layer Density
Combining the turbulent and the molecular transport coefficients,
and taking the resultant Lewis numbers and Prandtl numbers as
unity, the two-dimensional turbulent boundary-layer equations for
momentum, species, and energy transfer with zero pressure gradient,
can be written as'®

ou n au ad au N
- L
pu ax P dy ay \ dy
ac; n dac; d 886‘,- 4 06 ®)
U— v—=—|&e— w;
P dx P ay dy \ dy P
al al d al
- o e— 9
Pl TP 3y(88y> ©

It is assumed that the specific heat of each of the species remains
constant as the temperature and mass fractions change, that is, Cy;
remains constant as the temperature changes, to write

2
u
1=CuT+) cihiot = (10)

Noting that unit mass of oxygen reacts with f mass units of hydrogen
to produce (1 4 f) mass units of water, it follows that the time rate
of change of the species is related by

Zid)ihio
=, = = _p&=iliio 11
AT R N7 (an

o —w

Multiplying each of Egs. (8) by the appropriate 4;,, summing the
resultant equations, and subtracting from Eq. (9) yields

oH dH d oH
—_— _— = — —_— — E 'ihio
pu dx tov ay By(g 8y> P - @
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Then, with the Shvab—Zeldovich coupling?® parameters Zyo =
co—culf.Zor=co+H/(fAQ)and Zyr=cy + H/AQ, using
Eqgs. (8), (10), and (11) allows an equation identical in form to Eq. (7)
to be written for each of the coupled variables, leading to a relation

where Z = Zyo, Zor, or Zur, and d; and d, are constants that are
determined from the boundary conditions for each of the coupled
variables. The boundary conditions at the wall are u =0, ¢, =0,
and cy = cgw, whereas in the mainstream they are u = U, ¢, = Coe,
and cy =0, and cy =c¢, =0 at the flame front where u/U =g.
Evaluating Zyo then leads to

g = caw/(cuw + fcoe) (13)

Thus, the flame front moves closer to the wall as the mass fraction
of hydrogen at the wall is reduced.

Applying the same procedures to evaluate Zor and Zyr, expres-
sions for H on both sides of the flame front are obtained, leading
to,

for
0<z<g, CpT/Hy =14 bz — a*z? 14)
and for
g<z<l, CoT/Hy =14a+byz—a’s>  (15)
where
Hy = Cpou Tw, a’* = U?*/(2Hy), o = cawAQ/Hy

by = (H, — Hy + fco. AQ)/Hy
by = (H, — Hy —cuwAQ)/Hy

Now, because the pressure remains constant across the boundary
layer

Iow/lo = [(chsw)/(Rprs)]CpsT/HW (16)

Further, by using the Shvab—Zeldovich coupling Z, =c,+ ¢/
(14 f) (i.e., the total mass fraction of oxygen atoms), together
with the wall boundary condition that the ratio of the mass frac-
tion of oxygen atoms to the mass fraction of nitrogen atoms is
equal to its mainstream value of 0.286, it can be shown that
the ratio remains at that value throughout the boundary layer.
Thus, with Cpy =14.07Cp, Cp = 1.985C,, Cpo =0.904Cy,, and
Cpn = 1.028Cy,, it is found that, for 0 <z < g,

Cps = 12.8(cy +0.098)Cpy (17)
RCpsw _(en+ 0.088) (cyw + 0.098) (18)
R, Cps " (cy +0.098) (cuw + 0.088)
while, for g <z <1,

Cps = (1 4+ 1.07¢))Cpq (19)

RC s 1+0.689 0.098
pw 0.968( + c;) (cuw + ) (20)

R, Cps (14 1.07¢;) (cyw + 0.088)

Plotting Eqgs. (18) and (20) in Fig. 3a, it is clear that a good approx-
imation to Eq. (16) is

pw/p = CpsT/Hy @n

and that this yields a maximum error of only 10% at z = g. Substi-
tution of Eq. (21) in Eqgs. (14) and (15) then provides the density
as two quadratic relations in velocity. These relations are similar
to Eq. (1), as used by Van Driest, with the coefficients changed to
include to include the effects of combustion.

o 1.0
R Cpsw
CpsRw g5
.90
0 1.0

a) Density factor

2.0

1.8

‘cl*c
T

1.6

1.4

1.2

1.0

b) Molecular viscosity of Hy—Air and Hy—H;O—N, mixture with
c] = 0.328N2

Fig. 3 Gas mixture properties.

Momentum Thickness

The skin friction is to be obtained from a boundary-layer mo-
mentum balance involving the momentum thickness, and this re-
quires knowledge of the boundary-layer velocity profile. Following
Van Driest, this is obtained by integrating Eq. (2) with t =1y to

yield
d
v* &«(—y> + constant = K/ /L du (22)
du Pw

For 0 <z <g, Egs. (21) and (14) are used to substitute for p/pw
on the right-hand side of Eq. (22), and the integration is performed
from z =0 to z, to obtain

dy [ ww KU\ ([ . [ (b1 —2a%)
e UI:(U*)Z] eXp(Bo - <m> {sm [T
— sin”! (ﬂ) }) (23)
0

where B, is a constant and Q| = \/(bf + 4a?).
Similarly, for g <z <1, by using Egs. (21) and (15),

dy Vw KU . (bz - 202)
Fe U[(U*)zilexp(Bl + <av*>{sm [T
92
g [w]}) o
105}

where Q, = \/[bg +4a%(1 + «)] and B; is a constant, which can
be related to B, by equating the two relations for dy/dz at z=g.
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Equation (3) for the momentum thickness is written in the form

=G G)omomore [ () o]

(25)

Following Van Driest, the first integral on the right-hand side of
Eq. (25) can be developed into a series in A~! by noting that

(A [=5])

()l ) )

and employing this relation in successive integration by parts. Be-
cause A > 1, only terms in A~! and A~? are retained. A similar
process can be carried out for the second integral on the right-hand
side of Eq. (25), but the terms in the resultant series are oscillatory
divergent for z — 1 when h, < Hy, @ > 1,and |b,| > 1. The use of
hydrogen with cyw = O(1) ensures that these conditions will nor-
mally be met. Fortunately, by using the approximation (1 —z) < 1,
it can be shown that when the terms in A~! and A~ are subtracted
from the integral the remainder is of order A~3, and therefore it
is again only necessary to retain the terms in A~! and A2 for a
satisfactory approximation to the integral. Thus, by adding the re-
sultant expressions for the two integrals of Eq. (25), it is found
that

0 = UA{pwow /[ 0.(v")*]} explB, + (A/a) Fi]

x {1 + Gexp[(A/a)(F, — F)l} (26)
where
G =050 —b)g1—g) /(1 +big—a’g) (27)

Fy=sin™'(b1/Q1) +sin™' [(2a® — by) / 05]
+sin~! [(2a%g —b1) / Q1] — sin' [(2a°g —b2) / Q2] (28)
Fy =sin"'(b1/Q)) +sin™' [(2a’¢ — b1) / 01 ] (29)

Hydrogen Mass Flow

The total mass flow of hydrogen in the boundary layer can be
related to 6 by noting that the local mass fraction of hydrogen,
both burned and unburnt, is given by the Shvab—Zeldovich coupling
Zuw=cy +c f/(1+ f).Byemploying Eq. (12), the boundary con-
ditions Zy; =0 when z=1, and Zy =cuw + aw f/(1 + f) when
z =0, can be used to obtain

Zy = {enw +aw f/A+ HIA-2)
and, because the ratio of total mass fraction of oxygen atoms at the

surface to the mass fraction of nitrogen atoms is the same as in the
mainstream, this becomes

Zy = (caw + fcoe)(l - Z)/(l + fcoe)

Now, the total mass flow of hydrogen in the boundary layer is given

by
s
n'1=/ Zmpudy

(cuw + foe) =
={—30,U — )1 —-2)zd
{ (1 + foo) }p / <pe>( Jdy

which

and therefore, recalling Eq. (3),
m= {(CHW + fcoe)/(l + fcoe)}peUe (30)

Thus, to maintain the uniform boundary conditions of Fig. 2b, the
total hydrogen mass flow must increase with the boundary-layer
momentum thickness.

Skin-Friction and Hydrogen Mass Flow

Remembering that, at this stage, the analysis assumes continuous
hydrogen injection along the surface, a relation for the skin friction
¢y can now be obtained by taking the momentum balance for the
boundary layer and differentiating with respect to x, to yield

dm  p,U?dO
Tw‘f‘(U—Mj)a: dx

which becomes, on employing Eq. (30),

¢ :2<d9)[1 — cuw + (caw + fcoe)ttj/ U] 1)

dx (1+ fcoe)
Substituting for 6 from Eq. (26), collecting all terms involving A
and integrating while noting that as x — 0, c; — oo, and A — 0,
then remembering that A 3> 1 for ¢, < 1, an implicit relation for c
can be obtained as

CpRextte/pw =2(K 2 exp B,) (1 + fcoe) ' [1 — cuw
+ (cnw + feo)uj/ Ul exp(Ka™'\/2/csy/ pw/pe F1)
x {1+ Gexp[Ka™'\/2/ci/pw/pe(Fr — F)]}

This equation must reduce to Eq. (5) when the hydrogen mass flow,
given by Eq. (30), is zero, and therefore the constants in the equation
are adjusted to satisfy this requirement. Thus, with B, = —3.46, the
resulting relation is

4.151og(cs Rexfhe/ 1) + 1.7

= Fy [\Je; (T = T/ T, +3.97log{[1 — cuw + (caw
+ feo)uj/UI/(1+ feoe)} +3.971og {1+ G

x exp[(F — F)K~2/\/c; (T — T.) [/ T.]} (32)

where the coefficient of the first term on the left-hand side
has been raised from 3.97 to 4.15. In this term the molecu-
lar viscosity of air u, is given by the Sutherland formula as
e =[6.59 x 1073 /(111 + T)](T /273)'°, whereas that for hydro-
gen is 49% of the value for air and, to within 3%, follows the same
variation with temperature up to 1000 K (Ref. 21). Because all of
the oxygen is burned on the wall side of the flame front, a hydrogen-
steam-nitrogen mixture is present at the wall, with the mole fraction
of steam one-half that of nitrogen. The viscosity for the mixture is
calculated using Wilke’s method,?? and the effect of hydrogen mix-
ture ratio is presented in Fig. 3b for temperatures ranging from 300
to 1000 K. The increase in viscosity with temperature is caused by
the relatively greater sensitivity to temperature of the viscosity of
steam.

The total mass flow of hydrogen is obtained by substituting from
Eq. (26) into Eq. (30), and putting B, = —3.46, to yield

1= 0.187 ww [(caw + fcoe)/(1 + fcoe)]
xexp [FIK\/E/ Cf(Taw - Te)/Te]

< {1+ Gexp[(F,— FOKV2/\/c; (T — T)/T.]}  (33)

Thus, Egs. (32) and (33) allow the skin friction, and the associated
mass flow injected into the boundary layer, to be determined.
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Heat Transfer

No reactions take place at the surface, so that the heat transfer
is caused by conduction alone, which depends on the temperature
gradient at the surface. This can be obtained by writing Eq. (14) in
the form

CpT = Hy + (H, — Hy + fcae AQ)u/U — u*/2

differentiating with respect to y, and putting u = 0, to obtain

dr du dC,,
CPSWEZ(He_HW"f'fCoeAQ) a U-—-Ty g

(34)

at the surface. The specific heat Cy is given by Eq. (17) and in-
volves ¢y, which can be obtained from the Shvab—Zeldovich cou-
pling parameter Zyo =c¢, —cy/f. Noting thatc,=0for0 <z <g,
and taking boundary conditions at z =g, where ¢, =cy =0, and
at the wall, it is found that cy = cyw — (cuw + f¢coe)z. Thus, by
employing Eq. (17),

dC, du
(d—y"> = —12.8Cpu(cuw + fcoe)<@>/U

and noting that gy = ky (dT /dy), while ty = uw (du/dy), Eq. (34)
yields

QW = 1—/(UPr)[I'Ie + fcoeAQ - 128CpaTW(0098 - fcoe)]

because f =0.125 and ¢, = 0.22 for hydrogen air, the Stanton num-
ber can be written

cn=cp/QP)(He + feoeAQ — 0.90C,Tw)/(He — Cpalw)
(35)

This is an approximation because of the approximation for Cp in
Eq. (17). Without this approximation the Stanton number without
hydrogen injection is

¢hn = 0.5¢t/ P (36)

This equation gives the Reynolds analogy factor 2cy, /¢ as P,
which is because of the use of the Crocco relation for the varia-
tion of 7" with u. Differing experiments with hypersonic turbulent
boundary layers under cold wall conditions'® indicate that, rather
than taking P, = 0.72, as obtained from the molecular coefficients,
it is a better approximation to take P, = 1. In the present case, cal-
culations, based on molecular properties,?!?* indicate that P, for
the hydrogen-water-nitrogen mixture formed at the surface varies
by only £17% as the hydrogen mass fraction changes from zero to
one. It is therefore reasonable to assume that P, will behave as P,,,
and that P, = 1. The ratio of the two Stanton numbers of Egs. (35)
and (36) then can be written

Ch/chn = (Cf/cfn)(He + fCoeAQ - 0-90CpaTW)/(He - CpaTW)
€]

A correlation of experimental results for the Reynolds analogy fac-
tor, presented as Fig. 16 of Ref. 16, indicates that it varies with the
skin-friction level. It is not known if this correlation would apply for
the substantial reductions of skin friction that occur in the present
case, and it is not taken into account. Thus some uncertainty sur-
rounds the application of Eq. (37), implying a particular need for
comparison with experiment.

Hydrogen Injection Without Combustion

If no combustion takes place, there is no flame front,
AQZO, b1 =b2=b, Ql = Q2 = Q, F1 =F2= Fo, and EQS (14)
and (15) reduce to Eq. (1). No water is formed, and Eq. (17) for
the specific heat of the hydrogen-air mixture becomes

Cps = 13.2(cy +0.076)Cp, (38)

whereas Eq. (21) remains a good approximation for p,,/p. Noting
that

cy = caw(l —2) (39)

Eq. (30) for the mass flow of hydrogen in the boundary layer is
replaced by

m = cuwp. U0 (40)

and therefore the relation for the skin-friction coefficient corre-
sponding to Eq. (4) is

cuwij | dO
Cf=2<l—CHw+ H\[N] j)a

Thus, following the procedure that led to Eq. (5) yields the skin-
friction relation

4.15 log(Rexcf/’Le//-Lm) = Fo/ Cf(Taw - Te)/Te

+3.97log(l — cuw + cuwu;/U) (41)

with F, as defined for Eq. (5). The variation of the molecular vis-
cosity at the wall p,, with hydrogen mass fraction is presented in
Fig. 3b for a hydrogen—air mixture.

The hydrogen mass flow is obtained from Eq. (33) by noting
that, because b; = b, in Eq. (27), G = 0 and with Eq. (40) replacing
Eq. (30), Eq. (33) becomes

it = 0.187pw cuw exp F,KV2/\/ep (T = T)/T.]  (42)

The heat-transfer rate is obtained by putting AQ =0 in Eq. (34),
which then becomes

dr du dCp
Cul gy )= He—H0( 55 ) [ U =Tl 5

Using Eq. (38) for Cys, together with Eq. (39), then leads to
4w = [t/(UP)HI(H, — 1.00C,T,,)
and so the Stanton number can be written as
¢, =0.5¢;/P,

Again following the experimental evidence, which favors a
Reynolds analogy factor of unity, it is assumed that P, =1 and
therefore that

cn =0.5¢, (43)

Analytic Results and Discussion

To fix ideas, it is convenient at this point to limit the discussion to
consideration of a mainstream stagnation enthalpy of 7.54 MJ/kg,
corresponding to a flight Mach number of 12.7. Not only does this
stagnation enthalpy correspond to the experimental results discussed
next, but it is also in the midrange of the flight velocities of interest
(i.e., 2-6 km/s) and therefore can be expected to exhibit boundary-
layer behavior that is typical over the range of stagnation enthalpies.

Local Similarity and the Effect of Combustion

Figure 4 displays the skin friction, obtained by using Eq. (32), and
the corresponding total mass flow of hydrogen, burnt and unburnt,
given by Eq. (33), for a range of Reynolds numbers. A mainstream
temperature of 1500 K, a surface temperature of 300 K, a mainstream
velocity of 3.38 km/s, and a hydrogen injection velocity of 1.55 km/s
was used for the figure, and the effect of varying these is discussed
next.

Each value of cpw, the hydrogen surface mass fraction, repre-
sents a different flow model of the type shown in Fig. 2b, and for
each flow model the total mass flow of hydrogen in the boundary
layer increases with the Reynolds number. Maintaining a constant
hydrogen mass flow as the Reynolds number increases, as in Fig. 2a,
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implies passing through a sequence of flow models, but, if local sim-
ilarity applies, the boundary layer in the flow model corresponding
to a given surface hydrogen mass fraction and Reynolds number
will be identical to the constant hydrogen mass flow boundary layer
at that surface hydrogen mass fraction and Reynolds number. Now,
inspection of Fig. 4 indicates that a 10% change in skin friction is
accomplished as R. increases by approximately 50% at constant
hydrogen mass flow. Because the boundary-layer thickness is of the
order of x/ Rgf, this 50% increase in R, corresponds to the order of
10 boundary-layer thicknesses at the Reynolds numbers of interest.
This is sufficient (e.g., Ref. 23) to allow the boundary layer to adjust
to the change in boundary conditions implied by a 10% change in
skin friction, thus allowing use of the local similarity approximation.
Therefore the effect of hydrogen injection depends only on the total
amount injected, and not on the distribution of injection along the
surface.

Figure 4 shows that very substantial reductions in skin-friction
coefficient are associated with mixing and combustion of hydro-
gen in the boundary layer. Because of the low density of hydrogen,
boundary-layer densities tend to be reduced by mixing without com-
bustion, and, as shown in Fig. 5, this results in reduced skin friction.
However, the combustion-induced temperature rise leads to further
reductions in boundary-layer densities, and therefore causes further
reductions in skin friction. This is evident in comparing the skin-
friction coefficients in Figs. 4 and 5 with a given surface hydrogen
mass fraction. In spite of the somewhat greater hydrogen mass flows
shown by Fig. 5 to be associated with a given surface hydrogen mass
fraction, the skin-friction coefficients of Fig. 4 are lower than those
of Fig. 5.

In both Figs. 4 and 5, the lines displaying the variation of the skin-
friction coefficient with Reynolds number are parallel, showing that
the ratio of the skin-friction coefficient at a given value of surface
hydrogen mass fraction to the skin-friction coefficient with no hy-
drogen injection is independent of Reynolds number. Because the
no-injection skin-friction coefficient falls with increasing Reynolds
number, it follows that the skin-friction coefficient at a given surface
hydrogen mass fraction also falls. However, if the hydrogen mass
flow remains constant, the surface hydrogen mass fraction is reduced
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Fig. 5 Skin friction and injected hydrogen mass flow, without com-
bustion: H, =7.54 MJ/kg, T, =1500 K, T,, =300 K, U, =3.38 km/s, and
u;j=1.55 km/s.
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w =300 K, U, =3.38 km/s, u; = 1.55 km/s, and ri2 = 0.20 kg/s/m.

as the Reynolds number increases, and Figs. 4 and 5 can be used
to show that the skin-friction coefficient increases with Reynolds
number, as it approaches the no-injection value. When cpw =0,
corresponding to region (iv) in Fig. 2a, the skin-friction coefficient
is close to its no-injection value, indicating that the skin-friction
reduction then is negligible.

Skin-Friction and Heat-Transfer Distributions

A typical downstream distribution of the reduction in skin-friction
coefficient, with respect to the no-injection value cg,, is shown in
Fig. 6a for a constant hydrogen mass flow. Curves are presented
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for hydrogen mixing with combustion and for hydrogen mixing
without combustion. The associated reduction in Stanton number is
shown in Fig. 6b. The skin-friction coefficient values are obtained
from Figs. 4 and 5 at a hydrogen mass flow of 0.20 kg/s/m (i.e.,
by following the line AB in the figures). The Stanton numbers are
obtained from the values of the skin-friction coefficient by applying
Eq. (36), with P, =1, and Egs. (37) and (43). The downstream
decay of the surface hydrogen mass fraction is made evident by the
values noted on the curves.

Surface hydrogen mass fractions approach unity at the lower val-
ues of Reynolds number, and, although the maximum values of
the reduction in skin-friction coefficient occur in this region, the
reduction caused by combustion with mixing is only some 50%
greater than that caused by mixing alone. In passing downstream
to lower values of the surface hydrogen mass fraction, the skin-
friction coefficient reduction falls for combustion with mixing, but
the reduction for mixing alone falls more rapidly, and combustion
contributes a dominant part of the overall reduction in skin-friction
coefficient. Integrating the two curves of Fig. 6a, it is found that the
overall skin-friction reduction with combustion and mixing is three
times the skin-friction reduction with mixing alone, and, integrat-
ing the no-injection skin-friction coefficient over the same range
of Reynolds numbers, that the overall reduction is 36% of the no-
injection skin-friction drag. It can be remarked that, although the
major part of these effects appear to involve surprisingly low values
of the surface hydrogen mass fraction, these low values correspond
to substantial mole fractions.

Figure 6b shows that reductions in heat transfer, relative to the no-
injection case, are approximately the same for the combustion and
mixing and the mixing-alone cases. This similarity persists down
to relatively low values of the surface hydrogen mass fraction and
comes about because, at this stagnation enthalpy, the tendency for
the lower skin friction to yield a lower heat-transfer rate in the com-
bustion and mixing case is approximately balanced by the additional
combustion related heat transfer then taking place. At the lower val-
ues of the surface hydrogen mass fraction, the heat transfer in the
mixing-alone case approaches the no-injection level, but in the com-
bustion and mixing case a reversal takes place, yielding an increase
in heat transfer relative to the no-injection case. However, integrat-
ing over the range of Reynolds numbers for which the curve is
drawn, it is found that, in the combustion and mixing case, there is
an overall reduction of 13% with respect to the total no-injection
heat transfer. The increase in local heat transfer occurs in the down-
stream part of the flow, where the no-injection heat transfer is a
minimum.

Flow Variables

The influence of hydrogen injection velocity, surface temperature
and mainstream static enthalpy on the skin-friction reduction effect
is shown in Figs. 7a—7c, respectively. Figure 7a shows that, except at
low velocities, the ratio of hydrogen injection velocity to mainstream
velocity has very little effect on skin-friction levels.

Figure 7b shows that, at values of surface hydrogen mass fraction
near unity, the proportional reduction in skin-friction coefficient is
less for lower values of the surface temperature. This effect tends
to be offset by the increase in no-injection skin friction, which is
shown by the broken line, and this leads to a skin-friction coefficient
reduction, which is independent of surface temperature. At lower
values of the surface hydrogen mass fraction, the proportional re-
duction in skin-friction coefficient does not vary with temperature,
implying that the reduction in skin-friction coefficient, and there-
fore the reduction in surface shear stress, increases somewhat as the
surface temperature is reduced.

The static enthalpy h, appears as the horizontal scale of
Fig. 7c, and is related to the temperature scale at the top of
the figure through the constant pressure specific heat, taken as
[1000+0.19(T —300)] (J/kg)K (Ref. 21). Noting that the stag-
nation enthalpy is constant, the range of mainstream Mach num-
bers encompassed by the figure is also indicated by the scale at the
bottom of the figure. It is clear that the proportional reduction in
skin-friction coefficient varies very little with static enthalpy, but,
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because the no-injection skin-friction coefficient varies with static
enthalpy in the manner shown by the broken line, the reduction
in skin-friction coefficient is least at the lower static enthalpies.
Because Eq. (31) indicates that a reduced skin-friction coefficient
implies a reduced value of the momentum thickness, Eq. (30) indi-
cates that the hydrogen mass flow is also reduced by reductions in
static enthalpy.

Comparison with Numerical Simulation
and Experiment

Numerical Simulation

Results of the analysis are compared with the results of a numer-
ical simulation employing finite-rate chemistry or instantaneous re-
action according to Eq. (6). The code used for the simulation has
been outlined in Ref. 2 and is described in more detail in Ref. 24.
Briefly, it involves a k—e turbulence model and uses a parabolic
Navier—Stokes technique with a finite volume method to solve the
partial differential equations. The fluxes of heat and shear stress to
the wall were evaluated using wall functions, which assumed that
the logarithmic law of the wall held in the fully turbulent region
close to the wall.

The skin friction obtained with the analysis is compared in Fig. 8
with that predicted by the numerical simulation for flow at con-
stant pressure. The analytical predictions cover the range of sur-
face hydrogen mass fractions from 1.0 to 0.02 for the combustion
and mixing case in Fig. 8a. The analytic and the numerical no-
injection curves are in close agreement, except at low Reynolds
numbers, where the numerical simulation might be affected by the
arbitrary assumptions made to start the calculation. The close agree-
ment comes as no surprise because the analytic curve is, essentially,
the well-tried Van Driest II relation. It is also no surprise that, in the
combustion and mixing case, the analytic curve falls closest to the
instantaneous reactions curve because such reactions are assumed
for the analysis. When the numerical simulation involves finite-rate
chemistry, it diverges further from the analysis near a Reynolds
number of 107, but approaches the curves for instantaneous reac-
tion and the analysis, at larger values of Reynolds number. This
convergence is also apparent at the higher hydrogen mass flow of
Fig. 8b. Note the termination of the analytic curves when the sur-
face hydrogen mass fraction becomes unity at low Reynolds num-
bers. This is a consequence of restricting the analysis to region (iii)
of Fig. 2b.
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Experiment

Experimental shock-tunnel measurements of skin friction are re-
ported in Ref. 2 and compared with numerical results. Those mea-
surements, together with the numerical results, are compared with
analytic predictions in Fig. 9 for two values of the injected hydrogen
mass flow. The analytic predictions were obtained from Fig. 4 and
were increased by amounts ranging up to 22% to take account of
the increase in mainstream static enthalpy caused by the boundary-
layer combustion-induced pressure rise along the duct in which the
measurements were made. This pressure rise can be seen in Fig. 5
of Ref. 2. Assuming isentropic compression, with a constant spe-
cific heat ratio of 1.35, the distribution of mainstream static enthalpy
was obtained, and Fig. 7a could then be used to yield the increase in
skin-friction coefficient associated with the pressure rise. As well as
exhibiting a small divergence from the numerical results, the result-
ing analytic predictions are seen to be reasonably consistent with the
experiments in yielding a large reduction in skin friction, although
at the two downstream stations the measurements tend to exhibit a
somewhat larger skin-friction reduction than predicted by the anal-
ysis. This might be caused by the adverse pressure gradients in the
experimental duct? acting on the reduced wall skin friction.

The experiments of Ref. 2 also included measurements of surface
heat transfer, and the resulting Stanton numbers are compared with
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Fig. 10 Heat transfer: analysis compared with experimental results
and numerical predictions: H, =7.54 MJ/kg, T, =1500 K, T, =300 K,
U, =3.38 km/s, u; = 1.55 km/s for riz = 0.29 kg/s/m, and u; =1.77 km/s for
m =0.40 kg/s/m.

analytic predictions in Fig. 10. As witnessed by the ratio of Stanton
number to the no-injection Stanton number, the analytic predictions
deviate from the measurements and the numerical simulation by
approximately the same margin as the predictions of skin-friction
coefficient in Fig. 8. The heat transfer is reduced by hydrogen in-
jection at the lower Reynolds numbers on the figure and increases
with Reynolds number. It is expected to rise above the no-injection
levels at higher Reynolds numbers, but, unfortunately, the range of
Reynolds numbers tested did not allow this to be confirmed experi-
mentally.

It will be recalled that, in discussing Fig. 6b, the tendency for the
lower skin friction to yield a lower Stanton number in the mixing
and combustion case than in the mixing alone case was balanced
by the additional combustion-related heat transfer in the former
case, leading to approximately equal Stanton numbers in the two
cases. This was tested by comparing Stanton numbers when hydro-
gen was injected into air and into nitrogen. Figure 10 shows the
resulting measurements compared with predictions of the analysis
and demonstrates that combustion and mixing, and mixing alone,
do indeed exhibit approximately equal heat transfer. This equal-
ity will depend on the ratio of combustion heat release to stagna-
tion enthalpy and will not be expected to hold under different test
conditions.

Application: Flat Plate at Incidence

The analysis has been used to explore the effect of the mass flow
of injected hydrogen on the overall skin-friction drag and heat trans-
fer with a turbulent boundary layer on a two-dimensional flat plate.
The mainstream flow velocities parallel to the surface of the plate
were 2, 4, and 6 km/s, corresponding to stagnation enthalpies of
24, 8.4, and 18.4 MJ/kg, with flight Mach numbers of 6.7, 13.3,
and 20, respectively, and the mainstream temperature was 400 K.
This corresponds to flight incidences of the plate surface of approx-
imately 10, 5, and 3.5 deg, respectively. The surface temperature
was 700 K, and the hydrogen was injected into the boundary layer
at the surface stagnation enthalpy with a velocity of 2.4 km/s. This
yielded a Mach number of the hydrogen flow at injection of 1.48,
which is expected to be high enough to avoid possible difficulty in
establishing a smooth flow of hydrogen in the boundary layer.?

The part of the surface covering a Reynolds number ranging from
3 x 10° to 1 x 10® was considered, with injection at 3 x 10°, and
further injection taking place at another, downstream, station as re-
quired. The second injection station was used when a higher injected
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Fig. 11 Skin friction and heat transfer on a flat plate with boundary-
layer combustion of hydrogen.

mass flow was desired than could be accommodated with the con-
dition that a surface hydrogen mass fraction of unity be obtained at
a Reynolds number of 3 x 10°. The addition of injected mass flow
would be represented on Fig. 4a by terminating the line AB at a
convenient Reynolds number and beginning a new line at the same
value of Reynolds number but at a higher value of injected mass
flow. For the present calculations, the new line was chosen such
that it began at a surface hydrogen mass fraction of unity. With the
lines corresponding to the two injection stations thus defined, the
distribution of skin friction along the surface could be plotted on
a figure such as Fig. 6a and, by integrating along the surface, the
skin-friction force could be obtained. The combined mass flow for
the two injection stations would, of course, be given by the injected
mass flow at the new line.

Figure 11 shows the results of these calculations. Figure 11a
shows the reduction in the skin-friction force, on the plate surface,
which is caused by hydrogen injection and combustion, normal-
ized by the no-injection skin-friction force. The curves for the three
velocities follow the same trend, the ratio F,/F, increasing with
injectant mass flow and reaching values corresponding to the re-
duction of skin-friction drag by a factor of two or more. Further
reductions of skin-friction drag, with the same injected hydrogen
flow, are realized by the use of more injection stations, with calcu-
lations indicating that, at 2 km/s, increases of approximately 20%
in the value of F,/F, could be obtained by this means. However,
as it introduces additional mechanical complication into the surface
this possibility was not pursued.

A reduction in the drag force can be regarded as an additional
propulsive force, and the mass efficiency of the fuel in producing this
force can be measured by an effective specific impulse, defined by

Iy = (F, + muj)/(mg) (44)

which is presented in Fig. 11b. The effective specific impulse has
its highest value at injected mass flows, which yield the least reduc-
tion in skin-friction drag, and is reduced as the reduction in skin-
friction drag increases. However, even at reduced values of approx-
imately 2000 s, the effective specific impulse remains high enough
for boundary-layer injection and combustion to be a means of com-
bating drag, which is competitive with the direct generation of thrust.

The overall rate of heat transfer to the surface of the plate can
be obtained by using the integral of the skin friction, together with
Egs. (35) and (36), respectively, for hydrogen injection with com-
bustion and for no injection. The resulting ratio O/ Q,, is presented in
Fig. 11c. At 2 km/s, when the magnitude of combustion heat release
exceeds the main stream stagnation enthalpy, the heat transfer ex-
ceeds that with no injection. However, as the stagnation enthalpy is
increased, the ratio Q/Q, is reduced, and calculations at 3 km/s,
when the combustion heat release is less than the mainstream stag-
nation enthalpy, show that Q/Q, is then less than unity. This trend
is continued to the two higher velocities in Fig. 11c, where injec-
tion and combustion of hydrogen reduces the heat transfer to less
than 60% of the no-injection value at the highest hydrogen mass
flows. Thus, at elevated mainstream velocities this method of re-
ducing skin-friction drag has the additional benefit of lowering the
total heat transfer to the surface.

Combustion in the boundary layer can produce an increase in dis-
placement thickness, with an associated pressure rise in the main-
stream. This effect was evident in the duct experiments of Ref. 2.
However, the effect can be readily modified by surface contouring,
and it is not considered here.

The combustion model used assumes that no dissociation of water
takes place. A measure of the propensity for dissociation to occur
is the maximum temperature in the boundary layer, which is the
temperature at the flame front. This temperature can be obtained
from Eqgs. (14) and (17). The experimental and numerical results
at a stagnation enthalpy of 7.54 MJ/kg indicate that no significant
dissociation occurs at this condition, and, as the calculated flame
front temperature in that case is significantly exceeded only by the
6 km/s condition at low mass flows, it is concluded that, except at
that condition, dissociation effects are not significant.

Conclusions

Shvab—Zeldovich coupling has been combined with the semi-
empirical theory of Van Driest in an approximate analysis of hy-
drogen injection in a hypervelocity boundary layer. It was assumed
that instantaneous, complete combustion of hydrogen and oxygen
took place whenever the two came into contact and only the flow at
boundary-layer stations where the surface hydrogen mass fraction
lay between unity and zero was considered. Fortunately, this part of
the flow provided the most interesting results in terms of the reduc-
tion of skin friction, the reduction of heat transfer, and associated
mass efficiencies of hydrogen.

When the analysis was applied to a representative flow situation,
it was found that the skin-friction drag reduction with mixing and
combustion of the hydrogen was three times that with mixing alone.
Some net reduction of heat transfer also took place, as the effect
of reduced temperature gradients normal to the surface outweighed
the increase caused by combustion heat release. The analysis pre-
dicted skin-friction reductions approximately 10% in excess of the
results of a numerical computation with instantaneous reactions,
with a somewhat greater discrepancy when a finite-rate reaction
model was used. Similar differences of 10-15% were observed in
comparing analytical and computational predictions of heat trans-
fer. The analysis was also found to be consistent, to within similar
limits of accuracy, with experimental measurements of skin friction
and heat transfer.

The analysis was applied to flat-plate flow at mainstream veloci-
ties of 2, 4, and 6 km/s and predicted that boundary-layer injection
and combustion of hydrogen would reduce the skin-friction drag
on the plate to less than one-half of the no-injection value and that,
when the mainstream stagnation enthalpy exceeded a value approx-
imating the combustion heat release in air, the net heat transfer to
the plate was also reduced. The mass efficiency of hydrogen injec-
tion was assessed by treating the reduction of drag as an effective
thrust increase, leading to effective specific impulse values of ap-
proximately 2000 s when the aforementioned drag reductions were
obtained.

The range of validity of the analysis will tend to be limited by
consideration of finite-rate combustion kinetics, as this can be ex-
pected to delay the combustion heat release in the boundary layer.
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This effect is evident in Fig. 8, where the use of a finite-rate nu-
merical model increases the skin friction somewhat, and in recent
experiments, which indicate that the thickness of the boundary-layer
approaching the hydrogen injection station has a major effect on the
boundary-layer combustion process. This type of problem can be
expected to become more serious as static pressures are reduced
below the value of 50 kPa used in the experiments referred to here,
and it might be necessary to consider the use of ignition sources, or
flameholders, within the boundary layer.

Clearly, it would be useful if the reaction rate limits to this analysis
could be explored by numerical modeling of boundary-layer com-
bustion, coupled with further experimental research. However, the
analysis indicates that, when boundary-layer combustion of hydro-
gen does occur, it offers a promising means of controlling hypersonic
turbulent skin friction.
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